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Upper bounds to the spin correlation functions of the
random-bond Ising model and n-vector model with
continuously distributed random interactions

T Horiguchi and T Morita

Department of Engineering Science, Faculty of Engineering, Tohoku University, Sendai
980, Japan

Received 13 May 1981

Abstract. We obtain upper bounds to spin correlation functions in the thermodynamic limit
of the zero external field limit for the Ising model of general spins and for the n-vector model
assuming that the exchange integrals are quenched random variables and that their
probability distributions are continuous. The upper bounds involve, as a factor, the
corresponding spin correlation function of a uniform ferromagnetic Ising model of spin £1,
in which the exchange integral is determined by the distributions of the random exchange
integrals of the original system. By using these upper bounds, we find a sufficient condition
on the probability distributions of the exchange integrals for the disappearance of the
ferromagnetic and antiferromagnetic states in the system.

1. Introduction

In a previous paper (Horiguchi and Morita 1981), we obtained upper bounds to the spin
correlation functions in the thermodynamic limit of the zero external field limit for
random-bond Ising models and also for a random-bond n-vector model, where the
exchange integrals are assumed to take either the values J > 0 and —J with probabilities
p and 1 — p, respectively, or the values J, 0 and —J with probabilities p, rand 1 —p -,
respectively. By applying these upper bounds to the spontaneous magnetisation, we
proved that the systems cannot have spontaneous magnetisation in a range of concen-
tration of the ferromagnetic bonds.

In this paper, we extend previous studies to the systems described by the random-
bond Ising model or by the random-bond n-vector model in which probability dis-
tributions of the exchange integrals are continuous. We give a sufficient condition on
the probability distributions of the exchange integrals for the disappearance of the
ferromagnetic and antiferromagnetic states in the system. This condition is investigated
for several special types of the probability distribution, in detail. The nature of the
systems in which the probability distribution of the nearest-neighbour exchange
integral is the Gaussian distribution has been studied extensively by many authors
(Edwards and Anderson 1975, Sherrington and Kirkpatrick 1975, Klein et al 1979 and
so on). We show exactly that the system is not in the ferromagnetic nor in the
antiferromagnetic state, e.g. for |J/a|<0.49344 on the square lattice and for |J/o| <
0.26826 on the simple cubic lattice, etc, where J is the mean of the nearest-neighbour
exchange integral and o its standard deviation.
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In § 2, we prove an inequality of the spin correlation function for the random-bond
Ising model with general spin S. The random-bond n-vector model is considered in § 3.
The disappearance of the long-range order is studied for several kinds of probability
distribution of the exchange integral in § 4. Concluding remarks are given in § 5.

2. Random-bond Ising model of general spin

We consider the Ising model with general spin § on a finite set A of N lattice sites. The
total number of the sites in the set A is denoted as |A|, and hence N =|A|. The system is
assumed to be described by the Hamiltonian

H=- Z Jijsis,»hZuisi (2.1)
) i
where s; is the spin variable for the site i and takes values -8, —S+1,...,S. For the
pair of sites (i, j), J;; is the exchange integral which is a quenched random variable and
whose probability distribution is denoted by P;(J;). J; is independent of Ji; for the
other pairs of sites (k, /). In the present paper, we restrict ourselves to the cases where
P,;(—J;)) is zero or non-zero according to whether B;(|J;]) is zero or non-zero, and vice
versa. This restriction excludes e.g. the rectangular distribution in the interval [—a, b]
except when a = b, although this case with a # b has been investigated by Katsura
(1977). Such a case will be studied in a separate paper by the present authors. A is the
external field and u; is the magnetic moment of the spin on the site i. X;;, denotes the
summation over all the pairs of sites belonging to A and X, over all the sites belonging to
A, if no restriction is stated. II;; and I1, must be understood similarly.

For a finite set A of sites in the set A, the product of the spin variables for the sites in
the set A is denoted by s4%:

sa=[] s2® (2.2)
k
(keA)

where p(k) is a positive integer not greater than 25. We define |A|* by 2.4 p(k). For
§ =3, we have p(k) = 1 and then |A|* = |A|, that is equal to the number of sites in the set
A. The canonical average of s% is defined by

(s54)8h =Trs4% e #/Tre ¥ (2.3)

where 8 = 1/kgT, T is the absolute temperature and kg is the Boltzmann constant. The
subscript B, shows that the system is isolated; that is to say, B, expresses the boundary
condition that the boundary spins are not coupled with the outer system even if it exists.
The same average for the system of spin 1 is denoted by (U‘A)&%{%o. When all the
products hu; are replaced by their respective absolute values |hu;], the averages of s%
and o are denoted by (s5 )%k} and (% )67k, respectively.
In the following, we encounter the system of the Ising model of spin =1 on a finite set
A, of N lattice sites, where Ny = |A;|and A < A; = A. The Hamiltonian of this system is
assumed to be given by
Hi=— Y Jooi—hi Y o— Y  Jou (2.4)

@ i (4,§)
(hLjeAr) (ieAy) (ie Ay, jeA\AY)

where o; denotes the spin variable for the site /, and h and 4 are positive. Later we need
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the following spin correlation for this system

81}
(G nrne, = L oae [ 3 e P (2.5)
(01) {0-
where
o= T1 ot (2.6)
k
(ke A)

B, expresses the boundary condition that the spins which belong to A\A,, and interact
with a spin o; for i € A,, are all plus one.

The configurational average of a function Q{J;} of the set {J;;} such as (s o)k is
denoted by the angular brackets with suffix ¢

@uibe= ... [ PUsOU) Mas, @.7)
where

P{Jii}":(l_l)ﬁif(-’ﬁ)- (2.8)

The product Il is taken over all the pairs of sites i and j which appear in the
Hamiltonian (2.1) or (2.4). We define the thermodynamic limit of the zero external
field limit as follows:

(%) = lim Tim [(s%) N p)d- 2.9)

For the set {y;} of the fixed values vy;, we define

(@) = lim lim (@8) N g,
{2.10)
(sA)g‘;) Jim  lim (sA){,J‘{,):;
and at zero temperature, T = 0 (Horiguchi and Morita 1981),
o \{BI =0l | _ 15 . . 81}
|({s) Y| = lim ~lim Jim [ )R Bo)el- 2.11)

Now we have the fol_lowing tpeorem 1, where J 3‘ for each pair (i, j) is an upper
bound of |J,;] for which P;(J;;) + P;(—J;) takes a non-zero value, if it exists, and is put
equal to infinity if it does not.

Theorem 1. For B which is either finite or infinite,
(s ) i) < (o) s ) (2.12)

where

(8= | |0y 0)/ By ByIy) ATy 2.13)

Proof. We consider a subset A; of A which contams the finite set A: A< A; CA,
|A1] = N;. We define an auxiliary Hamiltonian H by

H=-Y Iss;i—h Z isi. (2.14)
w0 (!EA\Al)
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The canomcal average of the spin variable s%4 with the Hamiltonian H is denoted by
<SA>N(h 0.8, Lhen we have

<<SA>(15{h}O) BO>C=J‘ .- J‘ ( H dJ,,)( H u) eXP( Z Bi ;,)(SA”?{;[()) Bo (2.15)

[§52] {i,5) (i,§)
@i = a;; ([Jy]) = [Py (J) Py (=JiN]1? (2.16)

(1/2"]1}1) ln[Pu(lJuD/Pu 1-’1]])] -[i]' #0

=8, IL,I)—{ (2.17)

Equation (2.15) is now expressed as

<<SZ>§5,‘(IZ,}O),BO>C = J e J. ( (H) dJ,1>( <I—[) a,-,»)exp( (Z) ﬂiJi]UiG'])O'A<SA>§5{h}O) Bo (2.18)
L L7 L

where o; is either +1 or —1 for ieA, and +1 for ie A\A;. We multiply

exp(Bhii Xiien,o:) on both sides of (2.18), where 8, i and i are all positive. We then

take the summation with respect to {o;} over all the possible 2™ sets of values of {o;} and

divide by [2 cosh(BA4)]™, and we have

(st Bo>c=j . J' ( 11 dJi,«)P{Lf}<crA>§f,’;”,:}31<s:>§5,{;f0>,80 (2.19)

(L)

where

P{Jﬁ}=(H )[Z exp(Z BiJyoioi+Bha Y 0',-)]{[2 cosh(BAa) 1M}, (2.20)

(i.0) (&,5) ieA

CAY N‘;; ;3 is the canonical average at the temperature 1/kgf of ¢% in the system which
is composed of N, Ising spins of spin +1 on the sites belonging to the set A, where the
exchange integrals are B,J,,/B, the external field # and the magnetic moment 4 ; see
(2.4)-(2.6).

By using theorems 1 and 2 given by Horiguchi and Morita (1979) and Griffiths’s
inequality (Griffiths 1977), we have

(81, 87, (BIMU+) WB I NS, p \IBIMHH)
(s Mo ord SUTAINTE B DAY N h0r.80 < (TAI N, 55 (SA) N (0. B0 (2.21)

where (|8;;J;]). is defined by (2.13). For the thermodynamic limit, we take the limit as
N -0 first and then as #~>+0. From lemma 3 given by Horiguchi and Morita (1981),
we have

(s )BT | < (o) Pl g5 187 (2.22)

for arbitrary Ny and A. Finally, by taking the limit as N; - 0 and then as h->+0 and by
using a theorem given by Lebowitz and Martin-Lof (1972), we arrive at inequality
(2.12).

3. Random-bond n-vector model

We consider the n-vector model (Stanley 1974) on a finite set A of N lattice sites:
=|A|. We consider two possibilities for the distribution of the exchange interaction.
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In the first case, we assume that the system is described by the Hamiltonian

H=-% % JPsPs-h L 3 als (3.1)

G,j) v=1 i v=1

where s{ is the »th component of the n-dimensional classical vector spin of unit

magnitude for the site i (€ A): Sr-; (V) =1. J(") for the pair of sites (i,j) is a
quenched random variable whose probability distribution is denoted by P’ (J%’), and
is independent not only of J @ for the other pairs of sites (k, /) and any A butalso of J f,‘ )
for the same pair of sites (7, j) and different superscript A. A is the magnitude of the
external field, and " is the magnetic moment of the »th component of the spin on the
site i, multiplied by the direction cosine of the external field in the » direction. In the
second case, we assume only one variable J;; for the exchange interaction between a pair
of sites (i, j), and the Hamiltonian is given by

Z ]” z s(v) (¥) ~h z Z fu)sfu) (32)
(%)) v=1 i v=1
where J; is independent of Ji; for the other pairs of sites (k, /) and its probability
distribution is denoted by P,, ).
For the n-vector model, we use the notation s4 for the following product of the spin
variables on the sites in the finite set A of sites in the system

o = H Ij (10,060 (3.3)

(keA)

where p,(k) are non-negative integers and we assume that X)_;p,(k)=1. The
canonical average of s% is defined by

(s A>Nhso"Tfe BH s4/Tre™® BH (3.4)

for the first case where H is given by (3.1), and by this equation with {8/} in the place of
{BJ f,")} on the left-hand side for the second case where H is given by (3.2). Here Tr

denotes
Tr...=J...J(Hﬁds2"))....
k v=1

The integrations on the right-hand side are taken under the conditions {$7_; (s\)* =
1}.

In the first case where the Hamiltonian is (3.1), we encounter » Ising models of spin
+1, each of which consists of N; Ising spins of +1 on the set of sites A, where Ac A; < A
and N; =|A;|. The Hamiltonian for the vth one is given by

(V) Z J(V) (V) (V) " Z a,(V) z Jg;l)a,gﬂ (35)

(i) (Bj)
(hieAr) (1=A1) (ieA1,jeA\Ay)

where o\”’ is the spin variable for the site /, and h and { are positive. We later need the

following spin correlation function

@R edm= T 00" exp(-H{") [ 3. exp(-BH”) (3.6)

{ot”} {oi}
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where
o= ] ™", (3.7
(ké(A)
B; denotes the boundary condition that the spins o}”’ for j € A\A;, which interact with a
spin o for i € Ay, are all plus one.

The configurational average of a function Q{J{’} of the set {J{/’} is denoted by
angular brackets with suffix ¢

uine=[.. [( I 1T ary)Purouy (3.8)

(L) v=1

where

PUPY=T] H BT, (3.9)

(4,j) v=1

The thermodynamic limits of the correlation functions are defined in the same way as in
§ 2, namely,

(%)™ = lim Bim [((s) %0 (3.10)

and for a fixed set {y’} of values |}’

(@ = lim tim (o (3.11)
andat T=0
(2 = Tim Jim, | hm |<<sA>§€i.‘;32,>c|. (3.12)

In the second case, the Hamiltonian Hj given by (2.4) plays the role of (3.5), and the
following spin correlation function appears

B8,y _ -BH. ~BH
(02 nnp, =2 ahe /[ ¥ e (3.13)
{o} {o,
where
n
(k)
och= 1 [1o%". (3.14)
k v=1
(ke A)

The configurational average with respect to {J;;} is defined by (2.7) and the thermo-
dynamic limits (2.9)—(2.11) are used.
We now have the following theorem 2.

Theorem 2. For B, either finite or infinite, we have the following inequalities. In the first
case when the system is described by the Hamiltonian (3.1), we have

n
[(sa) i < TT (o™ )i he (3.15)
v=1
where

18T e=2 j I[P (/P CIONPY T ary . (3.16)
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In the second case when the system is described by the Hamiltonian (3.2), we have

[(s) il < ()5 (3.17)

where

(Batibe=3 [ ImPU)/B-11PU,) a, (3.18)

Proof. The present proof is almost the same as the one for theorem 1in § 2. In provmg
(3.15) with (3.16), we change the notations J;, P;{J;;}, a;(|J;]), B4 (J;), s; and o into J ),
Pf,” YT, el (IS ) D, B (T M, s and o, respectively, and have additional sum-
mations or products with respect to v. We then have the following equations in place of
equations (2.14)-(2.18)

n
H=-Y Y J)s"s —h Z Z us® (3.19)
(6.5 =1
(i,;EIA) g (1EA\A1)

(BIg)
« A)N(h ), Bo>°

=‘[ - J( I1 ﬁ ng}’))( 1-][ lj (”)) eXP( Y Z 3SV)J(V)>( A);’f{;()})ﬂo

G.j) v=1 (L,j) v=1
(3.20)
aﬁ]'/) = all )(]J(V) l) [P(V) (V) (V) (v) )]1/2 (321)
F =870
{ /20 DB (I /B (=175 D] T #0 (3.22)
0 I =0 '
(%) oy 5o
[ (T a) (1 )
(G,j) v=1 (i,/) v=1
xexp( ¥ 3 IYo001) 1 o850 00 (3.23)
(,j) v=1 v=1

where o{” is either +1 or —1 for i€ A; and +1 for i€ A\A,. By multiplying
exp(Bhi SiieanZa=105") on both sides of (3.23), taking summation with respect to
{o”’} over all the possible 2" sets of values of {o\"’} and dividing by [2 cosh(ﬁhu)]"N
we have

(sdoege= [ - [ (I I ar) Py [T @i saeho ., 624

Gv=1
where
Puy=(I1 1 a?)[ 3, [ exs( 3 5700+ T ot”)]
(@j) v=1 P} p=1 (%)) €Ay
x{[2 cosh(BA@)I™} (3.25)
and (%) eie’4" is defined by (3.6). The absolute value of the last factor in (3.24) is
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now overestimated by unity and then we have

{3]“;1} 1 o Blv)](v)
!« A>N(h0) Bo)c‘s U} <|<0'X V)Nl h81 )
t
(V)"u {(\B‘”’J‘”HH
< [[ @3N is! (3.26)

instead of (2.21). By the same procedure as taken in the proof of theorem 1 for the
thermodynamic limit, we have equation (3.15) with (3.16).

In proving (3.17) with (3.18), we change s; into s’ and have additional summations
or products with respect to v, in the proof of theorem 1. In place of (2.14), we have
(3.19)where J) =J,; (v=1,2,...,n). In(2.21)and (2.22), (s )ttt or . and (s )y "

are replaced by unity.
4. Disappearance of the spontaneous magnetisation
In the present section, we focus our attention on the averaged spontaneous magnetisa-

tion only for the systems of the nearest-neighbour interactions. The system of the Ising
model with general spin S is assumed to be described by

Hg =~ Z Jisis; — hZ#zsf 4.1)
(¢} ](lIiI)N)
where s; takeson —S, -S +1, ..., 8. The system of the n-vector model is assumed to be
described by
Z ~]ijsi . S, h Z z (u) (v) (4'2)
(i,j(:le)N) fost

where s, is the n-dimensional classical spin of unit magnitude for the site / and 5;"' is its
vth component:

si=(si", s, .8 Isi| = 1. (4.3)

In both (4.1) and (4.2), J;; for each nearest-neighbour pair of sites / and j is a quenched
random variable whose probability distribution is denoted by P(J;) and assumed to be
independent of J; for the other nearest-neighbour pairs of sites k and /.

We have now from theorem 1 for the Ising model with general spin §

sy | <|S|mu(Bidslbe) (4.4)
and from theorem 2, especially from equation (3.17), for the n-vector model

k(s Eh < ma(Biie) 4.5)
where

8tibe=4 | LB/ BT IBU ATy (4.6)

my(BJ) is the spontaneous magnetisation for the ferromagnetic Ising model of spin +1.
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We define the spontaneous magnetisation in our systems by choosing u; = u >0 and
w’=u>0,u=0(w=2,3,...,n),as follows

ms = hlzg-lo }Ji_f}}o (s )35{;’)5())‘1 @7
i, = lim lim ((s{") b0 “.8)

for the respective systems. As far as |[((s;)® " =0 or |((s?*) ") | = 0, we have s =0
or i, = 0, accordingly. Thus we conclude that there is no spontaneous magnetisation in
our systems in which the probability distribution of the exchange integrals satisfies the
condition

<lBiiJij|>cSJ/kBTC (4.9)

where T¢ is the Curie temperature of the ferromagnetic Ising model of spin £1 with the
exchange integral J > 0. Similar conclusions and the same condition (4.9) are obtained
for the spontaneous long-range order parameter in any antiferromagnetic phase by
suitably choosing the signs of u; or the values of "

We now investigate the condition (4.9) for several special types of the probability
distribution of J;;.

4.1. Discrete distribution of the three delta functions

We assume that J; takes Jo>0, 0 and —J, with probabilities p, r and ¢, where
p+q+r=1. The probability distribution is formally expressed by

P(J;)=p8T;; ~Jo)+r8(Jy) +q8(J; + Jo). (4.10)

In this case, the mean J and the standard deviation o are given by (2p +r—1)J, and
[1-r—(2p—1+7r)*1"2J,, respectively. The left-hand side of (4.9) is calculated as

(1Byle=3(1=r) In[p/(1~r-p)). (4.11)

This expression agrees with the one obtained previously (Horiguchi and Morita 1981).
By using x =J/a, (4.11) is expressed as

B 2\91/2
[(A-r(1+x7)] +x) O<x<(ri-1)V2 (4.12)

=11
(lBl xlI)c - 2(1 r) ln([(l _ I')(l +x2)]1/2 —x
This expression as a function of x = J/o is shown by the chain curve and the double
chain curve in figure 1 for x =0, by setting r = 0 and r = 0.5, respectively. The critical
values of x satisfying the equality in (4.9) are given in table 1 for several lattices. These
are the exact lower bounds to the critical values of J/ o for the ferromagnetic state. The
lower bounds of the critical concentrations of the ferromagnetic bonds are obtainable
through the relation
1x(1—r)'"? )
== +1-—r). .
(Gt @13

The values for r = 0 are found in table 1 of the paper by Horiguchi and Morita (1981).
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Figure 1. The graph of (|8,J;;). given by (4.6) for several types of probability distribution of
J,;. The chain curve is for the discrete distribution of three delta functions with r = § and the
double chain curve for r=0.5. The full curve is for the Gaussian distribution, the
short-dashed curve for the triangular distribution and the long-dashed curve for the
Lorentzian distribution. The dots are for the quadrangular distribution. The right-hand
side of (4.9) is shown by horizontal dashed lines for the hexagonal, square, triangular, sc,
BCC and FCC lattices.
Table 1. The lower bound to the critical value of J/o for the ferromagnetic state. J is the
mean and o is the standard deviation for the discrete distribution of the three delta functions
(8, r=0and§, r =0.5), the Gaussi_an distribution (G), the quadrangular distribution (Q) and
the triangular distribution (T). J is the median and o is the width for the Lorentzian
distribution (L).
8,r=0 8, r=0.35 G Q T L
Hexagonal 0.707 11 0.774 60 0.676 27 0.691 15 0.692 10 1.15502
Square 0.455 09 0.577 35 0.493 44 0.500 46 0.494 70 0.728 70
Triangular 0.278 12 0.377 96 0.32691 0.316 39 0.287 57 0.440 31
sC 0.223 51 0.308 14 0.268 26 0.25574 0.22307 0.35291
BCC 0.158 05 0.22072 0.193 66 0.18171 0.149 80 0.248 92
FCC 0.102 27 0.143 87 0.12693 0.117 88 0.09222 0.160 83

4.2. Gaussian distribution

In this case, };(J,»,-) is given by

- 1 -
PU,) =—=—exp( - 72Uy =T7) (4.14)

V2w
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and the left-hand side of (4.9) is expressed as
(Bil)e =2/ mx exp(—3x?) + x? erf(x/V2) (4.15)

where J is the mean and o is the standard deviation and x = J/o. erf(x) is the error
function (Magnus et al 1966). The graph of (4.15) for x = 0 is given by the full curve in
figure 1 and the critical values of x are given in table 1.

4.3. Quadrangular distribution
We consider 15(1,-,-) given by

{1/2b+a],, \7,|<b

P,
Vi) = otherwise.

(4.16)

The mean J and the standard deviation o are given by 2ab>/3 and (36°—3a°6%)"?,
respectively, The left-hand side of (4.9) is expressed as

1+2ab?
1-2ab’
(1+x)”2 —2x+ (1+x3)V?+V3x
24/3x EETTLAL) (1+x Y2 _J3x

Bl = 4—175'5 In(1-4a’b*) +l In

4.17)

where x = J/o and |x| <1/v2. The graph of (4.17) for x =0 is given by dots in figure 1.

The maximum value of {|B;J;|). is In2 at x = 1/\/2 and very close to J/kpTc=
0.6584789 for the hexagonal lattice. Since our calculation gives the lower bound to the
critical value of x for the ferromagnetic state, it might be possible that there is no
ferromagnetic or antiferromagnetic state in the system with the probability distribution
(4.16) on the hexagonal lattice. The critical values of x are given in table 1.

4.4. Triangular distribution
We consider }3(1,,) given by

(b+J;)/ b(b+a) ~b<J;<
P =4(b—J;)/b(b-a) asJ;<b (4.18)
0 otherwise.

The mean J and the standard deviation o are given by a/3 and [(a*+3b%)/18]"3,

respectively. The left-hand side of (4.9) is expressed as

2

Bilbe= h,( a_) L1 bra

5’) 72" b —a
_2-x*—x(6-3x)"? 2(1- 2x) 1. (6-3x )1/2+3x
= TR L P pes e (4.19)

where x = J/o and |x| < 1/v2. The graph of (4.19) for x = 0 is given by the short-dashed
line in figure 1. The maximum value of (|8;J;).isIn 2 atx =1/ V2. The situation for the
hexagonal lattice is the same as in the quadrangular distribution. The critical values of x
are given in table 1.
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4.5. Lorentzian distribution
In this case, ﬁ(]ij) is given by

o

PUy)=—r—=3—> 4.20
i) ﬂ[(]ij—.’)2+0'2] ( )
and the left-hand side of (4.9) is expressed as
1
(|ﬁ,~,~.l,-,»|)c=3j —tan"'rds x=0 (4.21)
mlo f

where J is the median and o is the width and x =J/o. The graph of (4.21) forx =0 s
given by the long-dashed line in figure 1 and the critical values of x are given in table 1.

5. Concluding remarks

We considered the random-bond Ising model of general spin S and the random-bond
n-vector model, in both of which the exchange integrals are quenched random variables
and their probability distributions are continuous. In both systems, we proved that the
spin correlation functions in the thermodynamic limit of the zero external field limit are
bounded above by non-trivial bounds. Applying the results to the spin on a single site,
we found a sufficient condition for disappearance of the spontaneous long-range order
parameter for these systems. The condition was examined for several types of the
probability distribution.

Now we wish to mention an extension of the theorems obtained in the present paper
to the configurational average of a product of spin correlation functions. For the Ising
model of general spin S, we have

L L
(1T ts50%) | <s#( 11 0%
[=1 c [=1

where A, are subsets of the set A of N lattice sites, and

SZ{,E 1‘1 Sil(k’) O’f;’lz H U;’zl«kr.
k k

(keAp) (ke Ay

B, 7,1}
) s

i1

pi(k) are positive integers not greater than 2S. S* is equal to |S| to the power of
Sio JAl*, where |A/[* = 2 keap pi(k). The thermodynamic limits

L CIAN L vyt
(o) 7)) s (fo%)
=1 ¢ !

=1 (+)
for a fixed set {;;} of values y, are defined by similar equations to (2.9) and (2.10). For
the n-vector model, we have

' < [[=L-[1<s%1>{sfif}>c

in place of (3.17). Here

>{<ta,.,.rii1>c>

s< 11 o4, (5.2)
!

=1 (+)

n

n
= 11 ML o%= 11 [1o0™
k v=1 k v=1

(keAp) (ke Ay
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p..1(k) are non-negative integers and we assume that )., p,;(k)= 1. The quantities
appearing in both sides of equation (5.2) are defined in a similar way to (2.9) and (2.10).
Extension of (3.15) is also possible, but we omit it here. Proofs of inequalities (5.1) and
(5.2) are performed in the same ways as those for theorems 1 and 2. We do not
reproduce them here.

We apply the above inequalities (5.1) and (5.2) to the configurational average of
products (si)(BJ‘f)(si){B W for the Ising model and (s; Myisdy )( A8 tor the n-vector
model discussed in § 4. We have, for i # j,

| sy B ) | < 81Xy (P (5.3)
for the Ising model, and
l«SEA)>(Bli,~}<s§)\’)>(ﬁfii)>c‘ < <0_ia,i>ﬁl)iilJi,-])c) (54)

for the n-vector model. The right-hand sides of (5.3) and (5.4) are zero for the case of
(|87l = 0, which is possible at least for the probability distribution of J; satisfying the
condition P(J;) = P(=J;;). Under the condition (|8,J;|) = 0, we have

kaTx = lim ¥ {((sis) ™) — (5 5)®d = 1— g (5.5)

for the Ising model, and

kBTX— 11m 2{«5()‘) (A))(BLﬁ)c «S A))(B }<S§"\)>{Bjif)>c}

for the n-vector model, where g is the Edwards—Anderson order parameter,
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